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Recently, a series of different measures quantifying memory effects in the quantum dynamics
of open systems has been proposed. Here, we derive a mathematical representation for the non-
Markovianity measure based on the exchange of information between the open system and its
environment which substantially simplifies its numerical and experimental determination, and fully
reveals the locality and universality of non-Markovianity in the quantum state space. We further
illustrate the application of this representation by means of an all-optical experiment which allows
the measurement of the degree of memory effects in a photonic quantum process with high accuracy.
PACS numbers: 03.65.Yz, 42.50.-p, 03.67.-a
In recent years the problem of characterizing non-
Markovian dynamics in the quantum regime has initiated
an intense debate. A series of diverse definitions along
with measures of quantum memory effects have been pro-
posed, invoking many different mathematical and physi-
cal concepts and techniques. Examples are characteriza-
tions of non-Markovianity in terms of deviations from a
Lindblad semigroup [1], of the divisibility of the dynam-
ical map [2], of the dynamics of entanglement [2] and
correlations [3] with an ancilla system, and of the Fisher
information [4].
In this work we focus on the measure of non-
Markovianity introduced in Refs. [5, 6] which defines non-
Markovianity through the backflow of information from
the environment to the open system. This information
backflow is characterized by an increase of the distin-
guishability of time-evolved quantum states. The distin-
guishability of two quantum states ρ1 and ρ2 is quan-
tified by their trace distance D(ρ1, ρ2) = 12Tr |ρ1 − ρ2|
[7–9]. We assume that the open system Hilbert spaces H
is finite dimensional. The corresponding space of physi-
cal states, represented by the convex set of positive op-
erators with unit trace, will be denoted by S(H). We
further assume that the time evolution of the open sys-
tem can be described by a 1-parameter family Φ [10] of
completely positive and trace preserving dynamical maps
Φt, i.e. Φ = {Φt | 0 ≤ t ≤ T, Φ0 = I}. The non-
Markovianity measure can then be defined as
N (Φ) = max
ρ1⊥ρ2
∫
σ>0
dt σ(t, ρ1, ρ2), (1)
where
σ(t, ρ1, ρ2) ≡ d
dt
D(Φt(ρ1),Φt(ρ2)) (2)
denotes the time derivative of the trace distance between
the pair of states at time t. In Eq. (1) the time integral is
extended over all time intervals in which this derivative
is positive, and the maximum is taken over all pairs of
orthogonal initial states ρ1 ⊥ ρ2. This measure for non-
Markovianity was originally defined in [5] in terms of a
maximization over all pairs of quantum states in S(H).
However, as demonstrated in Ref. [11] the maximization
can be restricted to pairs of orthogonal initial states. We
recall that two quantum states ρ1 and ρ2 are said to be or-
thogonal if their supports, i.e. the subspaces spanned by
their nonzero eigenvalues are orthogonal which is equiva-
lent to D(ρ1, ρ2) = 1 [9]. This implies that optimal state
pairs exhibiting a maximal backflow of information dur-
ing their time evolution are initially distinguishable with
certainty, and thus represent a maximal initial informa-
tion content.
Although the orthogonality of optimal states greatly
simplifies the mathematical representation of the non-
Markovianity measure, its determination still requires
the maximization over pairs of quantum states. Here,
we derive a much simpler representation for the measure
which is particularly relevant for its experimental real-
ization since it only requires a local maximization over
single quantum states, the second state being an arbi-
trary fixed reference state taken from the interior of the
state space. This representation will further be employed
in an all-optical experimental setup for the measurement
of the non-Markovianity of a photonic process.
To formulate our main theoretical result we first define
S˚(H) to be the interior of the state space, i.e. the set of
all quantum states ρ0 for which there is an ε > 0 such
that all Hermitian operators ρ with unit trace satisfying
D(ρ, ρ0) ≤ ε belong to S(H). We further define
E0(H) = {A | A 6= 0, A = A†, TrA = 0} (3)
to be the set of all nonzero, Hermitian and traceless
operators on H. Considering any fixed reference state
ρ0 ∈ S˚(H) we can now introduce a particular class of
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2subsets of the state space: A set ∂U(ρ0) ⊂ S(H) not
containing ρ0 is called an enclosing surface of ρ0 if and
only if for any operator A ∈ E0(H) there exists a real
number λ > 0 such that
ρ0 + λA ∈ ∂U(ρ0). (4)
Note that by definition ρ0 itself is not contained in
∂U(ρ0) and that the full set ∂U(ρ0) is part of the state
space. It can be easily seen that any state from the in-
terior of the state space has an enclosing surface. For
example, since ρ0 is an interior point of the state space
there is an ε > 0 such that the set of states ρ defined by
D(ρ, ρ0) = ε represents a spherical enclosing surface with
center ρ0. However, an enclosing surface ∂U(ρ0) can have
an arbitrary geometrical shape, the only requirement be-
ing that it encloses the reference state in all directions
of state space. An example is shown in Fig. 1(a). Using
these definitions, we can now state our central result.
Theorem. Let ρ0 ∈ S˚(H) be any fixed state of the in-
terior of the state space and ∂U(ρ0) an arbitrary enclos-
ing surface of ρ0. For any dynamical process Φ, the mea-
sure for quantum non-Markovianity defined by Eq. (1) is
then given by
N (Φ) = max
ρ∈∂U(ρ0)
∫
σ¯>0
dt σ¯(t, ρ, ρ0), (5)
where
σ¯(t, ρ, ρ0) ≡
d
dtD(Φt(ρ),Φt(ρ0))
D(ρ, ρ0) (6)
is the derivative of the trace distance at time t divided
by the initial trace distance.
Proof. Let ρ ∈ ∂U(ρ0). Applying the Jordan-Hahn
decomposition [9] to the operator ρ − ρ0 one concludes
that there exists an orthogonal pair of states ρ1 and ρ2
such that
ρ1 − ρ2 = ρ− ρ0D(ρ, ρ0) , (7)
and, hence, we have
D(Φt(ρ1),Φt(ρ2)) = D(Φt(ρ),Φt(ρ0))D(ρ, ρ0) , (8)
by the linearity of the dynamical maps and the ho-
mogeneity of the trace distance. This shows that
σ(t, ρ1, ρ2) = σ¯(t, ρ, ρ0). It follows that the right-hand
side of Eq. (5) is smaller than or equal to N (Φ) as defined
by Eq. (1). Conversely, suppose ρ1, ρ2 are two orthogonal
states. Since ρ1 − ρ2 ∈ E0(H), there exists λ > 0 such
that ρ ≡ ρ0 + λ(ρ1 − ρ2) ∈ ∂U(ρ0), by definition of an
enclosing surface. Thus, one obtains ρ1−ρ2 = (ρ−ρ0)/λ.
Since ρ1 ⊥ ρ2 we find D(ρ, ρ0)/λ = D(ρ1, ρ2) = 1 and,
hence, λ = D(ρ, ρ0). Thus, we are again led to Eq. (7)
and to σ(t, ρ1, ρ2) = σ¯(t, ρ, ρ0). This shows that the mea-
sure N (Φ) as defined by Eq. (1) is smaller than or equal
FIG. 1: (Color online) Illustration of an enclosing sur-
face ∂U(ρ0) (a) and of a hemispherical enclosing sur-
face ∂U˜(ρ0) with disconnected boundary (b) for an in-
terior point ρ0 of the state space S(H).
to the right-hand side of Eq. (5) which thus concludes
the proof.
The theorem bears several important mathematical
and physical consequences. First, it demonstrates that
the non-Markovianity measure can be determined by
maximization over single quantum states ρ taken from
an arbitrary neighborhood of a fixed state ρ0 in the in-
terior of the state space. Thus, Eq. (5) provides a local
representation of non-Markovianity, showing that quan-
tum memory effects can be detected locally by sampling
single states from an arbitrary enclosing surface of a fixed
reference state. Note that the theorem cannot be applied
to infinite dimensional Hilbert spaces since S˚(H) is empty
in this case.
Second, the choice of the fixed reference state ρ0 is
completely arbitrary, the only condition being that it be-
longs to the interior of the state space. Thus, the non-
Markovianity of a dynamical process is indeed a universal
feature which appears everywhere in state space: The in-
formation about non-Markovian behavior is contained in
any part of the state space which supports the intuitive
idea that quantum memory effects represent an intrinsic
property of the dynamical process. This fact is particu-
larly relevant when dealing with a dynamical process that
has an invariant state in the interior of the state space.
It is then of great advantage to choose ρ0 as this invari-
ant state such that only the sampled states ρ ∈ ∂U(ρ0)
evolve nontrivially in time.
Third, the theorem greatly simplifies the analytical,
numerical or experimental determination of the non-
Markovianity measure. In particular, it shows that it
is not necessary to scan the whole state space in order to
find an optimal pair of quantum states but rather sample
the states of an enclosing surface of a fixed interior point
of the state space. From the proof of the theorem we
also see that it suffices if the enclosing surface contains
all directions emanating from the fixed reference state ρ0
exactly once, i.e. if Eq. (4) holds for exactly one λ > 0.
It is even sufficient if this equation holds for either A or
3−A. Therefore, the theorem is also valid if ∂U(ρ0) is re-
placed by a hemispherical enclosing surface ∂U˜(ρ0) which
we define as follows. A set ∂U˜(ρ0) ⊂ S(H) is said to be a
hemispherical enclosing surface of ρ0 if and only if for any
A ∈ E0(H) there exists exactly one real number λ > 0
such that either ρ0 + λA ∈ ∂U˜(ρ0) or ρ0 − λA ∈ ∂U˜(ρ0).
A hemispherical enclosing surface thus contains all direc-
tions, given by operators A ∈ E0(H), only once. More-
over, it needs neither be smooth nor connected (see Fig.
1(b) for an example) which makes this characterization
particularly useful for noisy experiments.
We have applied the above theorem to determine the
degree of non-Markovianity in a photonic process. The
open quantum system is provided by the polarization
degree of freedom of photons coupled to the frequency
degree representing the environment. The experimental
setup is depicted in Fig. 2. With the help of a frequency
doubler a mode-locked Ti:sapphire laser (central wave-
length 780 nm) is used to pump two 1 mm thick BBO
crystals to generate the maximally entangled two-qubit
state (|H,V 〉−|V,H〉)/√2 with |H〉 and |V 〉 denoting the
horizontal and vertical polarization states, respectively
[12]. A fused silica plate (0.1 mm thick and coated with
a partial reflecting coating, with approximately 80 % re-
flectivity at 780 nm) serves as a Fabry-Pe´rot cavity (FP)
which in addition can be tilted to generate different dy-
namical behavior [13]. The cavity and a consecutively
placed interference filter (IF) (FWHM about 3 nm) sin-
gle out two peaks near 780 nm of width σ = 7.7×1011 Hz
each which are separated by ∆ω = 7.2 × 1012 Hz. The
relative amplitude Aα of the two peaks depends strongly
on the tilt angle α whereas the other quantities are al-
most constant. A polarizing beamsplitter (PBS) together
with a half-wave plate (HWP) and a quarter-wave plate
(QWP) are used as a photon state analyzer [14].
Photon 1 is directly detected in a single photon detec-
tor at the end of arm 1 as a trigger for photon 2. The
optical setup in part a, b and c (see Fig. 2) is used to pre-
pare arbitrary quantum states of photon 2 needed for the
sampling process [15]. This set-up conveniently allows to
prepare any single pure photon polarization state (in arm
2c) and reference states (2a along with 2b) together with
arbitrary enclosing surfaces which can be controlled by
changing the relative amplitudes of the attenuators built
in in each arm. The path difference between each arm
is about 25 mm to ensure that the mixture of the three
parts is classical.
After the preparation photon 2 passes through birefrin-
gent quartz plates of variable thickness which couple the
polarization and frequency degree of freedom and lead to
the decoherence of superpositions of polarization states.
The birefringence is given by ∆n = 8.9×10−3 at 780 nm.
The thickness of the quartz plates simulating different
evolution times ranges from 75λ to 318λ in units of the
central wavelength of the FP cavity.
Employing the Bloch vector representation, the set of
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FIG. 2: (Color online) Experimental setup. Key to the
components: HWP – half-wave plate, QWP – quarter-
wave plate, FP – Fabry-Pe´rot cavity, IF – interference
filter, QP – quartz plate, (P)BS – (polarizing) beam-
splitter, SPD – single photon detector.
polarization states can be conveniently parametrized by
means of spherical coordinates r = (r, θ, φ). We apply
the local representation to two reference states to deter-
mine experimentally the degree of non-Markovianity for
three dynamics characterized by the relative amplitudes
Aα = 0.64, 0.22 and 0.01, ranging from non-Markovian
to Markovian evolutions, and compare the results with
the outcome for pairs of orthogonal initial states. The
reference states ρ10 and ρ
2
0 used in the experiment are
given by
r10 =
(
0.20, 12pi,
13
50pi
)
, r20 =
(
0.88, 850pi,
13
50pi
)
. (9)
Reference state ρ10 is thus located inside the equato-
rial plane, whereas the second reference state lies in the
northern hemisphere close to the boundary. The enclos-
ing surfaces are determined by the convex combination
0.3 ·ρa,b0 +0.7 ·ρ of the reference states and any pure state
prepared in arm 2c. These sets thus contain only mixed
states. We measured a total of 5000 states on the sur-
face for each reference state which are characterized by
the azimuthal and polar angles of the pure states. The
associated angles θ and φ are located on a lattice with
equal spacing of 2pi/100.
The outcomes of the measurements are presented in
Figs. 3, 4 and 5. The increase of the trace distance be-
tween 175λ and 318λ for any state on the enclosing sur-
face for the two reference states is shown in Figs. 3(a)-
5(a) and 3(b)-5(b) using color coding. Note, that the col-
ored surfaces in these figures are non-spherical and not
centered at the origin. By contrast, the ordinary Bloch
spheres depicted in Figs. 3(c)-5(c) show the measurement
outcomes for pairs of orthogonal initial states.
Defining spherical coordinates rloc = (rloc, θloc, φloc)
with respect to local coordinate systems centered at the
position of the two reference states ρ10 and ρ
2
0, one recov-
ers the polar symmetry present for pairs of orthogonal
4(a) (b) (c)
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FIG. 3: (Color online) Experimental results for the in-
crease of the trace distance between 175λ and 318λ for
Aα = 0.64 for states on the enclosing surface of refer-
ence state ρ10 (a), ρ
2
0 (b) and pairs of orthogonal states
(c). The corresponding φloc-averaged increase with re-
spect to local spherical coordinates is shown in (d), (e)
and (f). Error bars show the standard deviations.
(a) (b) (c)
(d) (e) (f)
FIG. 4: (Color online) The same as Fig. 3 for Aα =
0.22.
states, see Figs. 3(a)-(c). One may therefore average the
outcomes over the polar angle φloc along lines of lati-
tude. To this end, we introduced an appropriate binning
on the z-axis and determined the average increase which
we then assigned to the azimuthal angle θloc associated
to the mean z-value in the bin. In addition, we allo-
cated the standard deviation to each of the averaged out-
comes. The resulting data are depicted in Figs. 3(d)-5(d)
and 3(e)-5(e) and show the same characteristics as the φ-
averaged increase of pairs of orthogonal states displayed
in Figs. 3(f)-5(f). Note that the directional dependence
of the trace distance originating from its property of de-
pending only on the difference of two states can be nicely
seen for example in Figs. 3(d)-(f).
The maximal increase of the trace distance for the two
reference states obtained from the φloc-averaged data as
well as for pairs of orthogonal states are given in Tab. I.
The experimentally determined values are in very good
(a) (b) (c)
(d) (e) (f)
FIG. 5: (Color online) The same as Fig. 3 for Aα =
0.01.
agreement with the predictions of the theoretical model
[13], demonstrating the experimental feasibility and the
accuracy of the method based on the local representation
(5).
Summarizing, we have derived a representation of the
measure for quantum non-Markovianity which fully re-
veals the locality and the universality of this measure.
These properties are clearly reflected in the results of our
photonic experiment. The experiment illustrates that the
measure can be obtained efficiently in an arbitrary neigh-
borhood of any fixed state in the interior of the state
space, that its determination only requires a maximiza-
tion over a single input state, and that optimal quantum
states featuring maximal backflow of information can al-
ways be represented by mixed states.
Aα Ntheo N(a) N(b) N(c)
0.64 0.59 0.59± 0.01 0.59± 0.02 0.59± 0.02
0.22 0.21 0.21± 0.01 0.21± 0.02 0.21± 0.02
0.01 0 0.001± 0.013 −0.005± 0.008 −0.0002± 0.0015
TABLE I: The quantum non-Markovianity measure
for the three dynamics obtained from the experimental
data in comparison to the theoretical value.
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